A graph is called half-arc-transitive if its full automorphism group acts transitively on vertices and edges, but not on arcs. It is well known that for any prime p there is no tetravalent half-arc-transitive graph of order p or p 2 . Xu [Half-transitive graphs of prime-cube order, J. Algebraic Combin. 1 (1992) 275-282] classified halfarc-transitive graphs of order p 3 and valency 4. In this paper we classify half-arctransitive graphs of order p 3 and valency 6 or 8. In particular, the first known infinite family of half-arc-transitive Cayley graphs on non-metacyclic p-groups is constructed.
Introduction
A (di)graph Γ consists of a pair of sets (V (Γ), E(Γ)), where V (Γ) is its vertex set, and E(Γ) is its edge set. For a graph, E(Γ) is also called undirected edge set that is a subset of the set {{u, v} | u, v ∈ V (Γ)}, and for a digraph, E(Γ) is also called directed edge set that is a subset of the set {(u, v) | u, v ∈ V (Γ)}. For an edge {u, v} of a graph Γ, we call (u, v) an arc of Γ. An automorphism of a (di)graph Γ is a permutation on V (Γ) preserving the adjacency of Γ, and all automorphisms of Γ form a group under the composition of permutations, called the full automorphism group of Γ and denoted by Aut(Γ). A (di)graph Γ is vertex-transitive or edge-transitive if Aut(Γ) acts transitively on V (Γ) or E(Γ), respectively. A graph Γ is arc-transitive or symmetric if Aut(Γ) is transitive on the arc set of Γ, and half-arc-transitive provided that it is vertex-transitive, edge-transitive, but not arc-transitive. Throughout this paper, all (di)graphs Γ are finite and simple, that is, |V (Γ)| is finite and there is no edge between the same vertex. Let G be a permutation group on a set Ω and α ∈ Ω. Denote by G α the stabilizer of α in G, that is, the subgroup half-arc-transitive graphs of order p 3 and valency 6 or 8. In these new constructions, there is an infinite family of half-arc-transitive Cayley graphs on non-metacyclic p-groups, and to our best knowledge, this is the first known construction of such graphs.
From elementary group theory we know that up to isomorphism there are only five groups of order p 3 , that is, three abelian groups Z p 3 , Z p 2 × Z p and Z p × Z p × Z p , where Z p denotes the cyclic group of order n, and two non-abelian groups G 1 (p) and G 2 (p) defined as Denote by Z * n the multiplicative group of Z n consisting of numbers coprime to n. Let e be an element of order j < p in Z * p 2 . Since Z * p 2 ∼ = Z p(p−1) , we have j | (p − 1). For
Let λ be an element of order 4 in Z *
The following is the main result of the paper. 
Preliminaries
We start by stating some group-theoretical results. For a group G and x, y ∈ G, denote by [x, y] the commutator x −1 y −1 xy. The following proposition is a basic property of commutators and its proof is straightforward (also see [24, 5. 
Since a transitive permutation group of prime degree p has a regular Sylow p-subgroup, every vertex-transitive digraph of order a prime must be a Cayley digraph. Together with the results given by Marušič [20] , we have the following proposition. The following proposition is about isomorphisms between Cayley graphs on p-groups. A finite group G is called 2-genetic if each normal subgroup of the group can be generated by two elements. The following proposition is about automorphism groups of Cayley digraphs on 2-genetic groups. (1) p = 3, n ≥ 5, and Γ Φ(Op(A)) has out-valency at least 8;
Proposition 2.4 Any vertex-transitive digraph of order
(2) p = 5, n ≥ 3 and Γ Φ(Op(A)) has out-valency at least 24; (3) p = 7, n ≥ 3 and Γ Φ(Op(A)) has out-valency at least 48; (4) p = 11, n ≥ 3 and Γ Φ(Op(A)) has out-valency at least 120.
In Proposition 2.8, the quotient digraph Γ Φ(Op(A)) has the orbits of Φ(O p (A)) on V (Γ) as vertices, and for two orbits
3 Proof of Theorem 1.1
Let Γ be a half-arc-transitive graph and A = Aut(Γ). Let (u, v) be an arc of Γ and set
Define digraphs Γ 1 and Γ 2 having vertex set V (Γ) and directed edge sets (u, v)
A and (v, u) A , respectively. Since Γ is half-arc-transitive, for every edge {x, y} ∈ E(Γ), both Γ 1 and Γ 2 contains exactly one of the directed edges (x, y) and (y, x), and Γ is connected if and only if Γ i is connected for each i = 1, 2. Furthermore, A = Aut(Γ i ) and Γ i is A-edge-transitive. In what follows we denote by − → Γ one of the digraphs Γ 1 and Γ 2 .
Let Γ be a half-arc-transitive graph of order p 3 for a prime p. Since there exists no half-arc-transitive graph of order less than 27 (see [1] ), we have p ≥ 3. By Proposition 2.4, Γ = Cay(G, S) and − → Γ = Cay(G, R). Since a group of order p or p 2 is abelian and there is no half-arc-transitive Cayley graph on an abelian group by Proposition 2.5, Γ is connected, and so G = R and
, where
Since G = R is non-abelian, R contains two elements x and y such that xy = yx, and since |G| = p 3 , we have x, y = G. For G = G 2 (p), x and y have the same relations as do a and b, which implies that x → a and y → b induce an automorphism of G 2 (p). In this case, we may assume that a, b ∈ R. Similarly, for G = G 1 (p) we may assume that a ∈ R. Thus we have the following Observation:
Observation: Let Γ be a half-arc-transitive graph of order p 3 for a prime p. Then Γ = Cay(G, S) and
Let us begin by considering normal half-arc-transitive Cayley graphs on G 2 (p). Proof. Let Γ = Cay(G 2 (p), S) be normal and half-arc-transitive. Set A = Aut(Γ). By Observation, we have
Since Γ has valency 8, we have |S| = 8 and |R| = 4. Since Γ is normal, Proposition 2.7 implies that
has an element α of order 4 such that α ∼ = Z 4 is regular on R.
Suppose that Aut(G 2 (p), R) contains two involution α 1 and α 2 such that α 1 , α 2 ∼ = Z 2 × Z 2 is regular on R. Without loss of generality, we may assume that a α 1 = b and b α 1 = a, and so c
, implying the following equations:
As above, in what follows all equations are considered in Z p , unless otherwise stated. By Eq (2), we have i = 0 or j = 0. For i = 0, we have j 2 = 1 by Eq (1), that is, j = ±1.
, fixes S setwise, contrary to Proposition 2.5. If i = 1, then k = 0 by Eq (3), implying that a i b j c k = a, a contradiction. Thus, Aut(G 2 (p), R) has an element α of order 4 and α ∼ = Z 4 is regular on R. Then R = {a, a α , a α 2 , a α 3 }, and since G 2 (p) = R , we have a, a α = G 2 (p) and so a → a, b → a α induces an automorphism of G 2 (p). This implies that we may assume that a α = b, and α is induced by
, we have the following equations:
By Eq (5), either j = 0 or 2i + j 2 = 0. Suppose j = 0. By Eq (4)
Noting that i 2 = −1, ij 2 = 2 and i + j 2 = −i, Eq (6) implies that 2k(1 + i + ij) = j − 2i − ij, and since j 2 = −2i, we have 2kj(1 + i + ij) = j(j − 2i − ij) = −2(1 + i + ij). It follows that (kj + 1)(1 + i + ij) = 0, that is, either kj + 1 = 0 or 1 + i + ij = 0.
For kj + 1 = 0, we have k = −j −1 and so
, fixes S setwise, contrary to Proposition 2.5.
For 1 + i + ij = 0, we have 0 = i(1 + i + ij) = i − 1 − j. It follows that j = i − 1 and 
has order 4 and permutes the elements of R 4,k cyclically, implying thatĜ 2 (p) ⋊ α is half-arc-transitive on Γ 4,k . To prove the normality and the half-arc-transitivity of Γ 4,k , it suffices to show that
Let β ∈ L a . Then a β = a and Ω
, which is impossible. The above arguments mean that b β = b, implying β = 1. Thus, L a = 1, and so
Let K be the kernel of L on Ω. Then K fixes each Ω i setwise, and hence |K| = |K a ||a K | ≤ 2. Suppose that |K| = 2. Then the unique involution, say γ, in K interchanges the two elements in each Ω i because L x = 1. In particular, γ is induced by a
, a contradiction. Thus, K = 1 and L ≤ S 4 , the symmetric group of degree 4.
Since L x = 1 for any x ∈ S 4,k , L is semiregular on S 4,k , and so |L| is a divisor of 8. Since α ∈ L, we have |L| = 4 or 8. Suppose |L| = 8. Since L ≤ S 4 , L is the dihedral group of order 8, and so α 2 ∈ Z(L). Note that α 2 interchanges Ω 1 and Ω 3 , and Ω 2 and Ω 4 . Then 
, which is impossible. Thus, |L| = 4 and L = α . Clearly, p ∤ |L| = |Aut(G 2 (p), S 4,k )|. By Proposition 2.8, Γ 4,k is a normal Cayley graph, and by Proposition 2.7, A =Ĝ 2 (p) ⋊ α , as required.
At last, we prove the second part of the lemma by determining the number of nonisomorphic half-arc-transitive graphs in Γ 4,k .
There are exactly two elements of order 4 in Z * p , that is, λ and λ
4,s , where s ∈ Z p and s = 2 
4,l and so
By Xu [29] , there is a unique half-arc-transitive graph of order 27 and valency 4. However, there is no such graph of valency 6 or 8. [29, Lemma 2.8] . Thus, G = G 2 (3), but this is also impossible by Lemma 3.1. It follows that 3 |Aut(G, S)|. Let σ ∈ Aut(G, R) be of order 3. Then σ fixes one vertex and has an orbit of length 3 in R.
, where s, t, r = 0, 1, 2. Assume that the fixed element of σ in R is of order 9. Noting that Aut(G) is transitive on elements of order 9 in G, we may assume that a ∈ R and a σ = a. In this case, σ is induced by a → a, b → ba 3r , where 3r = 3 or 6. Let be generated by two elements. By Proposition 2.8, − → Γ is normal, and by Proposition 2.7, A 1 = Aut(G, R). Since A = Aut(Γ) = Aut( − → Γ ), we have A 1 = Aut(G, S), and so Γ is normal.
The theorem is true for G = G 1 (p) by Proposition 2.3. Now assume G = G 2 (p). If Γ has valency 8, the theorem is also true by Lemma 3.1. We may further assume that Γ has valency 6, that is, |R| = 3. To finish the proof, it suffices to drive contradictions.
By Observation, R = {a, b, a i b j c k }, where i, j, k ∈ Z p . Since Aut(G, R) is transitive on R, there exists α ∈ Aut(G 2 (p)) of order 3 permuting the elements in R cyclically. If necessary, replace α by α 2 , and then we may assume that α is induced by a → b, b → a i b j c k , c → c −i . Thus, a = (a i b j c k ) α = a ij b i+j 2 c −i 2 j−2 −1 ij 2 (j−1)+k(j−i) , and so we have:
By Eqs (7) and (8) 
